CHAPTER-1 - RELATIONS AND FUNCTIONS

Gist / Summary of the lesson:

ode

(2

Types Of Relations: ‘ h ;
Empty relation, Universal relation, Reflexive, Symmetric, Transitive and Equivalence
relations.

%+ Types Of Functions: One — one (or injective) functions, onto (or surjective) functions, One-

one and onto (or bijective)

Definitions:

>

>

>

>

A relation R in a set A is called empty relation, if no element of A is related to any element
ofA,ie, R=0Cc AXxA

A relation R in a set A is called universal relation, if each element of A is related to every
elementof A,i.e, R=A x A

A relation R in a set A is called :

(i) reflexive, if (a, a) ER, foreverya € A,

(i)  symmetric, if (a,,a; ) ER = (az,a,)ER, forall a;,a; €A.

(iii)  transitive, if (¢, ,a, )R and (a;,a3) €ER = (a, , a;) €R, forall a;,az, a; € A.
A relation R in a set A is said to be an equivalence relation iff R is reflexive, symmetric and
transitive

A function f: X — Y is defined to be one-one (or injective), if the images of distinct
elements of X under fare distinct, i.e., for every x;, ,€ X, x; # x,. implies f(x; ) #
f(x3) . Otherwise, f is called many-one.

A function f: X — Y is said to be onto (or surjective), if every element of Y is the image of
some element of X under f, i.e., for every y € Y, there exists an element x in X such that
f(x) =y. In other words f:X- Y is onto if and only if Range of f=Y.

A function f: X — Y is said to be one-one and onto (or bijective), if f is both one-one and
onto.

Formulae:

Ifn(A) = pand n(B) = q, thenn(4 X B) = pq and number of relations from set A to set

. B=2rPq,

If A is a non-empty finite set containing n elements, then number of reflexive relations on

set A=2n(n-1),

If A is a non-empty finite set containing n elements, then number of symmetric relations on
n(n+1) ,

setA=2 2 7

If A and B are non-empty finite sets containing m and n elements respectively, then

(i) Number of functions from A to B = n™

(ii) Number of one-one functions from A to B ={an.'lf m=n
0, ifm>n
(iii)Number of onto functions from A to B

_ {nCo,nm = nC,(n—1)" + nC,(n—2)"—......... Jifnsm
0, ifn>m

(iv) Number of one-one and onto functions

i.e., bijective functions from A to B= {1:)1! fl.f hat




MULTIPLE CHOICE QUESTIONS

1) Let A={3,5}. Then number of reflexive relations on A is

(A)2 (B)4 (C) 0 (D)8
Solution: If A is a non-empty finite sct containing n elements, then number of reflexive
relations on set A=2"(n=1),

Here n=2
No. of reflexive relations on A= 22(2=1)=22=4 Answer: B
2) The number of possible symmetric relations on a set consisting of 4 elements is
(A) 512 (B)1024 = (C)256 (D)32 .
Solution: If A is a non-empty finite set containing n elements, then number of symmetric
relations on set A =2"(H=H)
Heren = 4

4(441 4xS
No. of symmetric relations on A=2"z =272 =210=1024 Answer: B

3) A relation R on set G = (All the students in a certain mathematics class} is
defined as, R = {(x,y): x and y have the same mathematics teacher}.Which of the
following is true about R ?
(A) R is reflexive and transitive but not symmetric.
(B)R is transitive and symmetric but not reflexive.
(C) R is reflexive and symmetric but not transitive.
(D) R is an equivalence relation.
Answer: D
4) LettherelationRintheset A={x€Z:0 < x < 12 }, given by
R = {(a,b):|a — b| is a multiple of 4). Then the equivalence class [1]is

(A){1,5,9} (B){0,1,2,5} (©){1}. (D)A
Solution: Given 4 = {0,1,2,3,4, w12}
Now [1] = {x € A: |x — 1| is a multiple of 4} = {1,5,9} Answer: A

5) A and B are two sets with m elements and n elements respectively(m < n). How many
onto functions can be defined from set A to set B?

(A)0 (B)m! ©)n! (D)n™

Solution: Given n(4) = m,n(B) =n

We know that onto function requires every element of set B to be mapped by at least

one element from set A. Since it is given that m < n, there is no such onto function.

Therefore number of onto functions from set Atoset B wherem <n s zero.  Answer: A
6) Forreal x, let f(x) = x3.Then

(A) f is one-one but not onto on R (B) fis onto on R but not one-one.

(c) fis one-one and onto on R (D) fis neither one-one nor onto on R
Solution: Let f(x,) = f(x;) V x;,x, € R

=X = .

=x1 = X2

So f(x) is one — one,
Letf(x) =x3=y
1

x=y3,YyER
Every image y € R has a unique pre image in R.
f is onto,

f is one-one and onto,
Answer: C
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7) The fimction f : R = [—11] defined by f(x) = cosxis:
(A) Both one-one and onto (B) not one-one but onto
(C) One-one but not onto (D) neither one-one DOT OO
Answer: B
8) A finction £ R— A defired as fix=x* + L s onto, ifA R
(A) (—oo, =} (B) (L=} O =) (DN-1.<)
Solution:x€R = x2>0 = x¥+1=0+1 = f(x}=1
Range of f=[1,)
Thus for fto be onto , A={1,<) Answer: C
9) LetL denotes the xtufaﬂmighiﬁnesinapbszaareksﬁan&d@ﬁmdbﬂRmif
onlyiflisperpendicu}axmmﬁ‘LmeL'ihmRis:
(A) reflexive - (B) symmetzic (C) transitve (D) Equivaliencs relation
Answer: B
i0)ArelationRon sstA={xx€Zadsx=< 10} as R={{xy)=} isgiveatobean
equivalence relation. The number of equivalence classss is
(Al §2) 24 (Ce (D)1
Solution: A={0,1,2,3,4,5.6,7.8.9,10}
R={(0,0),(1,1), C.2LG 3L ALEIET.TRERE (IO
We observe that each element in set A is onfy refazzd to kself in relation R.
O]=0}, [={} RI=2, BI=5)  BI=ELE=SL @
=6}, [F1={7} BI=¢h p1={s}. [0I={10}
Number of equivalence classes is 11 = Amswer: D
ASSERTION AND REASON BASED QUESTIONS
Questions numbers { to 10 are Assertion cnd Reason besed questions. Two SCtzmests ore SHem, ong -
Iabelled Assertion (4) and the cther lcbelled Rzasom (R
Select the correct answer from the codes (4), (B). (€} am? (Dj o= grem below.
(4) BMEM(@M&M(EPMMMMQE&&WW@&
Assertion (4). »
(B} Both Assertiart (4} and Recscn (B} are orue, Eut Recscr (R} i zot the correct explamtion of the
Aszertion (4).
(C) Asserticn (4) is true, but Reason (R} is folse.
(D} Assertion (4} is fclse, but Recson (R) ix trae.
I} X={€r,z,4,6,8}-P'ka1ﬂaﬁcnmxmbg?={®,2},@,2},(¢,sg_(&6}(&4},@14}?-
Asserﬁon(A):ThemfmiumMXisam%erdzm -
Reason(R):’FbemIzﬁenmeszsubﬁaf&eﬁm{(&b}.(‘e,c}-{'&,c}},m:&&aﬁx

is transitive. 3
Solution- P is not transitive as (4,2) 2 4)eP bt (24} E P Apcwerz D

-— -

Shown below is the graph of the finction f(2) =

=l

[’ﬂ

Assertion (A): The finction fis not ante.
Reason (R): 3 € R (co-domain of f) kas mo pre-image G
domain of £ )
Solution- A is true but R is false. 0€ R dees not bave 2 pra-imeze. Axcwerz: C
2) Assezﬁcn(A):L:tf(x)=e‘zn&g(z)=Eag:r.”i’m€f—:’-g}:= g +hax
where dormamn of (f + g) ISR.
Reason (R} : Dom(f + g) = Dam(f) N Dem(g)
Solution: Dorainof f = E.

l&‘ﬁ-im
'



Domain of g = (0,«)
Domain of (f + ¢) = Rn{0.=) = {(0.=)not R
Hare Assertion is false, Reason 1s true. i
3) Assertion{Ak LetA={xeR:-15X < 1LIf f:A—= Abedefined as o
F(x) = x*, then f is not an gnio function.
Reason (R): If y=-1€ 4. thenx = +/=1 not an element of A.
Solution: Here assertion and reason are true and R is the correct explanation of A
Answer: A
1) Assertion (A): Let Z be the set of integers.
fx)=3x-5Y¥x€lisa bijective.
Reason (R): A function is bijective if it is both sujective and injective.

A function £Z— Z defined as

Solution: Here f(x) =3x—5isnota bijective function. Answer :D
5) fiX =X isafunctiononthe finite set X.
Assertion (AR If fis onto, then fis one-one and if { is one-one, then {is onto-.
Resson (R): Every one-one function is always onto and every onto function is 2bw2ys
ona-one.
Solution: For function on finite sets, a one-ont function implies onto 2nd vice-versa. This is
not necessarily wue for infinite sets.
Answer: C

So resson is not trug in this context

6) Assertion (A): If n{A)=m. then the number of reflexive relation on Abm
Reason(R ):A relation R on set A issaid to be reflexive if (a,@) € R¥ 4 eA
Solution: In 8 reflexive relation, every element of a set is connected to ftself only. 50

aumber of reflexive relation is 2% - Answer: D
7) LetAand B betwo finite sets such that n{Ay=3 and n(By=2-Then
Assertion (A):Number of one-one functions from A to B is 57;
Reason (R): Number of onto functions from A to B is 30.
Solution: Since n{A)> r(B), Number of one — one functions from AtoBiszero.
Answer: D

Assertion{A) is false. Reason (R) is true.
9) Assertion {(A) : If A and B are two seis having 3 and 5 elements xspecﬁvdy,tbmtbﬂutﬂ
numbarofﬁmcﬁonsﬂ:atcsnbedeﬁnadﬁnmAtoBisS"‘.
Reason { R): A function from sct A to set B relates elements of sat A to elements of set B.
Solution : A function from set A to setB relates every element of set A to 2 unique element

in set B.
Conseguently R is not true.
Since each element of st A can be associated to any one of five elements in B 2nd there
are 3 elements inset A
Total number of functions from A to B =5x5%x5=5. Answer: C
10) Assertion (A):The relation f: {1,23.4}-{x.y,2.p} defined by f = {(L.2),(2.7).(3, 7)}is
- a bijective function
Reason (R): The relation f:{1,2.3,4}—{x.,2,p} defined by
£ ={(1.x).(2y).(3.2).(4p)} is one-one.
Solution: Assertion is false since f is not a function .4 has no image under f. Answer: D
VERY SHORT ANSWER TYPE QUESTIONS
1) Letd = {a,b, 1‘:} and the relation R be defined on A as follows: R = {(2, 2), (b, <), (& 2)}-
Then, 'wnle minimum number of ordered pairs to be added in R 10 make R reﬂ;ds‘e and
transitive,
Solution : We have relation R = {(a,q),(b.c), (a,b)}



To make R reflexive, we must add (b, b) and (¢, c).
To make R tranaitive, we must add (a, c) to R.
Minimum number of ordered pairs to be added in R are (b, b) , (¢,¢) and (a, c).
2) Let C be the set of complex numbers, Prove that the mapping f: C—R given by
[ (2) = |z|,Vz € C,Isnelther one-one nor onto,
Solutlon: We have {: C— R glven by f(z)=[2), ¥ z€ C
(3 +4D)=|3 + 4| = VATE 4T = 5
(3-4)=|3 - 4| = VIT+ 47 = §
Thus {(z) Is many-one,
Also|z|20,vze C
Put co-domaln glven Is R.
Hence f(2) Is not onto,
3) Let A={1,2,3),B ={4,5,6,7) and let {= {(1,4), (2,5), (3,6)} be a function from A to B, State
whether {'is one-one or not, Justify your answer,
Solution: Given = {(1,4),(2.5), (3,0)} ;
Since every element of A has one and only one image in B under f, f is a one-one function.
4) A function f: A= B deflned as f(x) = 2x Is both on¢-one and onto. If A={1,234}then
find the set B,
Solution; Whenx =1,f(1) = 2.1 =2
Whenx = 2,f(2) =22 =4
Whenx = 3,f(3) =23 =6
Whenx = 4,f(4)=24=8
Since f'is both one-one and onto Range of f = Codomain of f
B=(2,4,6,8)
5) State whether the following statement is true or false. Justify your answer.
“The sine function is bijective in' nature when the domain is [0,4x] "
Solution ; Given function f{(x)=sin x, x€ [0, 47]
Let xy x; € [0,4m] such that f(x,) = f(x3)
= sinx, =sinx;
© X3 =nn+(=1)"x;,ne{0,1,2,3)
D Xy =Xy OF Xy =M—=X, OF X =2 +XxX; or % =3n0—x;
e sin x is not one-one in [0, 4x].
e sine function is not bijective in [0, 47].
= The given statement is false,
6) Check whether the relation R defined in the set {1, 2, 3,4, 5, 6} as
R = {(a, b): b=a+ 1} is reflexive, symmetric or transitive.
Solution: Let A={1, 2, 3,4, 5, 6} :
Relation on R is definedas R = {(a, b) :b=a + 1}
In roster form
R={(1,2),(2,3), (3,4),(4,5),(5,6), (6,7}
R is not reflexive since (1,1),(2,2),(3,3),(4,4),(5,5),(6,6) €R.
(1,2)€ R but(2,1) &R.
R is not symmetric.
(1,2),(2,3) € R but(1,3) ¢ R.
R is not transitive.
Hence R is neither reflexive, symmetric nor transitive.
7) Let A={1,2,3,4}. Let R be the equivalence relation on A x A defined by




8)

9)

10) f(x) = 2tanx

1)

(a,b)R(c,d) iff a+d = b + c. Find the equivalence c!assrg(g;l?’i]}; A is defined by
Solution: Given on set A = {1,2,3,4} an equivalence relation

(a,b)R(c,d) iff a+d=b+c

Let (1,3) R (x, y) forall (x,y) € A x A

Therefore (x, y) will be (1,3) and (2,4)

Hence [(1,3)] = {(1,3), (2,4)) ) PR
A={1,3,5,7,....} and B=(2,4,6,8,...}.Definc a function from A to B that is neither
one-one nor onto,

Solution: Given sets A={1,3,5,,....} and B={2,4,6,8,...}.

Letf:A—> B be defined by f(x) =2,v x € A ' , .

Since all the elements of A have the same image 2 in B, f is not one-one.

Only the element 2 in B have a pre-image in A. Hence f is not onto.
fis neither one-one nor onto.

Let n be a fixed positive integer. Define a relation R in Z as follov'/s: VYabeZ aRbifand
only ifa~b s divisible by n . Show that R is an equivalence relation.

Solution: Given that v a,b€Z,aRbifand only ifa—b is divisible b?' B
aRa => (a-a) is divisible by n, which is true for any integer a, as zero is divisible by n.
Hence R is reflexive,
aRb => (a-b) is divisible byn
= -(b-a) is divisible by n
= (b-a) is divisible byn
= bRa
= R is symmetric,
Let aRb and bRe.

=> (a-b) is divisible by n and (b-c) is divisible by n

=> (a-b) + (b~c) is divisible by n

=>a-c is divisible by n.

=>aRc¢

Hence R is transitive,

Since R is reflexive, symmetric and transitive, R is an equivalence relation.

2~ Find the range of f(x) forx e R.
1-tan2x

Solution: Given f x) = 3 nz

1-tan2x
= f(x) = tan2x
We know that tan x € (=00, o0)

tan2x € (—co, 0)
Range of f(x) is (~oo, o). ie., R,

| SHORT ANSWER TYPE QUESTIONS
Let f: A— B be defined by f(x) = =2

—y

v—3 Where A=R- (3} and g = R-{1}.
Discuss the bijectivity of the function,

Solution: To check f is one-one: f@x) = f(xp)

Xy - 2 _ Xy — 2
X -3 - Xp—-3
=> (21 =2)(r;=3) = (x, - 2)(x, - 3)
=> X1 Xp—3%, = 2x, + 6= X1X2—3x, —

ZX1 +6
=> —=3x: + 2x. = =3y. 4 2+




2)

=2 Xy =Xy
Hence If f(x,) = f(x;) thenx; = x,
fIs one-one
To check f is onto.,

, x~-2

[&) =
Let f{x)=y such thaty € I} = R — (1)
x -
yux~3

=> y(x~=3) = x~12

=> xy ~3y = x—12
B> Xy =X m 3y
=> x(y-1) = 3y~12

y—1
Fory = 1,x(snot defined.
But it is glventhaty e R — (1}
Hencex-%ffe R - (1)

Checking value for y= f(x)
Putting value of x in f(x)

=> X=

fo = f (=)

y—1
w2,
=> f(x) = £
(x) = “‘!'“f._.r—(;:' )
: _ 3y-2-2(y-1
s 3y~2~3(y~1)
=> flx)=y

Thus for every y € B, there exists x € A such that f(x) = y.
Hence fis onto.

Since f is one-one and onto f is a bijective function.
Let N be the set of natural numbers and R be the relation on
NXN defined by (a,b) R (c,d) iff ad = bc for all a,b,c,d €
N.Show that R is an equivalence relation.
Solution: Given a relation R on Nx N defined by (a,b) R (c,d)
iff ad = bc for all a,b,c,d € N.
Reflexive: Let (a,b) € N X N such that (a,b) R (a,b)
= ab=ba (Product of two natural numbers is commutative)
= R is reflexive
Symmetric: Let (a,b), (c,d) € N X N such that (a,b) R (c,d)
e "ad=bc => bc =ad =>cb =da=>(c,d)R (a,b)
= R is symmetric
Transitive; Let (a,b), (c,d),(e,f) € N X N such that
(a,b) R (c,d)=> ad=bc -~--(i) and

(c,d) R (e,f) => cf = de ———(ii)
Multiplying (i) and (ii) we get

acdf = bcde =>af =be =>(a,b) R (e,f)

R is transitive,

Since R is reflexive, symmetric and transitive, the given relation R on N x N, is an

equivalence relation.




S={(a,b);a~b 4+
3) Check whether the relation S in the set of real numbc'rs R dcﬁnf';('lvt:y (( )

VZ s an lrratlonal number} is reflexive, symmetric or transitive, P
Solutlon: Reflexive:Fora€ S, a—a+v2 =2 ls an lrrational n /

& (a,8)€ S

Thus S is a reflexive relation,

Symmetric : Let (a,b)e §
e a-b+vZ Iy an lrrational number
But b~a+ vZ may not be an trrational number,

For example: (V2,1) €8 2V~ 142 =2¢7 —
1is an irrattonal number,

(IWZ2) ¢ Sas1=vZ +vZ =115 not an trrational number.
Here (4, b)E S but (b,a) ¢ 5,90 S isnot a symmetric relation,
Transitive : Let (a, b) € S > a~ b + vZ 15 an trrational number and
(b, c) € §=>b~c+Z is an irrational number,

Buta~c++/2 may not be an irrational number,
For Example :

(IV3)e Sas1-+3 +vVZ 5 an lrr
(\fi,\/.'Z)E SasV3~7 4+

But (IM2)¢ Sas1-y3
=>(a,c)¢ 5.508 (s no

atlonal numbper,
VZ =Zis an trrational number

+vZ =115 not an Irrational number,
tatransitive relation,

Thus S is reflexive but neither symmetric nor transitive relation,
4) A student wants to pair up natural numbers in such a way that they satisfy the equation
2x 4 y = 41, %,y € N.Find the domain and range of the relation, Check if the relation
thus formed is reflexive, symmetric and transitive, Hence, state whether itis an equivalence
relation or not,
Solution: We haye R=

{(x, y):xe N,y€N,2x +y=41)
Since y @ N, Domain -{1,2,3,....,20}
R =((1,39), (2,37), (33550 - (19,3), (20,1)}
Range = (1,35,..... ,39}
R is not reflexive as (22)2Ras2 %2 4 2 # 41,

Also R is not symmetric as (1,39) R byt (391) ¢ g,
Further R is not transjt

ive as (1 L19)e R,(19,3) € Rbut(11,3) ¢ p,
Hence R is neither reflexive, symmetric nor transitive,

Therefore R is not an equivalence relation,

5) Afunction f: R — R js defined by J(x) = ax + b guch that f(1y=1 and f(2)=3. Find
function f(x), Hence check whether function f(x) is one-one and onto or not.
Solution: Given f(1)=]

2 a4 b= ()
f(2) =3
2 204 b= 3---(2)
Solving equations (1) and (2) we geta=2 and p=.j,
f(x) = 2x =115 the required function,
Onc-one : Let X1:X2 € R such that X1 % x,

= le¢212
= 2% =1 = Ve _ 1




Hence f{x) is a one-one function.
Onto: Let y=f{x) € R
> y=2x-l
L] xnli—!.

Thusforall y € R,3x = Z%—'-E R suchthalf(x)m[’(l;-&)*Z(?%-l-)—l=y

f(x) is an onto function.
Hence fis one-one and onto.

6) Show that the function f: R = R defined by f(x) = ;;"-';-;.Vx € R is neither one —

one nor onto,
Solution @
Let xq, x5 € R such that f(xy) = f(x;)

X X

= xy(xf + D=x;(x] + 1)

=xxf +x, = xxf +x,

'=>x1x§ - x;xf = X~ Xg
=X X(x; =x) =x; = x
=>x1X3(x = x3) = (x2— x,) =0

=>(x3 = x)(x1x2—1) =0
=>x, =X, =0 or (x;x—-1)=0
=> X2 =Xy 0rXxgx; = 1

Here f(x,) = f(x;)

1
=>Xy =Xz 0T X4 ™y
1

fis not one-one.
Let k € R be any arbitrary element and let f{x)=k
b 4

X341

= x=k(x*+1)
= kx+k=x

kx?—x+k=0
o x=l*£;;_1f"—e Rif1-4k?<0
o orif(1-2k)(1+2k)<0
= ie,k>zork <3
= fis not onto.
Hence f is neither one-one nor onto.

7) Let f: R — R be the function defined by f(x) = 1_ vx € R. Then, find the range of f.

2-cosx

Solution:
f:R—=R, f(x)=
Lety =

1
2-cosx

vx ER

2—-cosx
2y —ycosx =1
2y~-1
Cos x =—
y

1
Cosx=2-—
y

We know that-1S cosx 1




8)

)

1
-1€2--%<1
1)’
~1=282~-=--2%21-2
4
15~-53
b 4
1S <1
3=

Range is E, 1]
Show that the function f: (~,0) » (=1,0) defined by f(x) = ;fﬁ ’
x € (~,0) is one — one and onto.

Solution: Given f(x) = -l-fm X € (~,0)

Since x € (=,0),|x| = —x
Therefore f(x) = =
One-one: Let X1, X3 € (~00,0)

y Now  f(x))=f(x) -

X
=> 1 = e——

1"xl l-xz
=x(1 - x) =x,01 - X1)

-‘-'>x1 = XXy = Xy — XXy
=Xy = x,
=>Hence fis one-one.
Onto :
- X
y—~

1:;:;
y= ;:;Smcex € (~co,0)

=>y(l-x)=x

= Yy —yx=x
2 yYy=x+yx
2 YVY=x(1+y)
o x = 2L
1+y
For eachy € (—1,0) there exists x € (—0,0) such that
f=r(s)-122__,
| M a
Hence f'is onto.

Thus f is both one-one and onto,

LONG ANSWER TYPE QUESTIONS

Prove that the relation R in the set of integers Z defined as R={(q, b): 2 divides (a +
b)} is an equivalence relation. Also determine 3]

Solution: a +a = 2a, whid1isdivisiblcby2,Van

= (a,a)eR,Ya € Z
=R is reflexive.
Symmetric: Let (a, b) € R = 2 divides (a+b)
= 2 divides (b+a)




2)

= (b,a)eR
R is symmetric
Transitive: Let (a, b), (b, c)eR
= 2 divides (a+b) and (b+c) both
= (a+b)=2m and (b +c)=2n
=a+2b+c=2m+2n
=a+c=2(m+n-b)
=2 divides (atc) = R is transitive.
Since R is reflexive, symmetric and transitive,
R is an equivalence relation.
[3] = {x: x is an odd integer}

or3]={...-1,1357,..... }
If N denotes the set of all natural numbers and R is the relation on N X N defined by (a, b)
R(c,d)ifad(b + c) = bc(a + d). Show that R is an equivalence relation.
Solution:
Reflexive: By commutative law under addition and multiplication of natural numbers b+
a=a +bandab=baVa,b €N.
ab(b+a)=ba(a+b) Va,beN
=> (a,b)R(a,b)
Hence, R is reflexive.
Symmetric: Let (a, b), (c,d) € N x N such that (a,b)R (c,d)

=> ad(b+c) = bc(a+d).
=> bc(a+d) = ad(b+c)
=> cb(d + a) =da(c+b)
=> (¢,d) R (a,b)

Hence, R is symmetric.
Transitive: Let (a, b), (c, d), (e, f) € N X N such that
(@, b)R (c,d)and (c,d) R (e, f)
= ad(b+c) = be(a + d) and cf{d+e) = de(c +f)
_btc _atd dte _ cif

~ be ad and de ~ cf

e+h  f+a
S T S
be af
=>af(bt+e)=be(atf)
=>(a,b) R (e, f)
Hence, R is transitive.
Thus, R is reflexive, symmetric and transitive.

Therefore, R is an equivalence relation.

3) In the set of natural numbers N, define a relation R as follows:




TV

ainder less
¥n,m €N, n R m if on division by S each of the integers n 2nd m 102{‘";51 ;ﬁ; f:c";‘m s
then 5, Le. one of the numbers 0, 1, 2, 3 znd 4. Show that R is an equiv )
obtzin the pairwise disjoint subsets determined by R.
Solution:
R s reflexive since foreacha € N, aRa s
R s symmetric since if 2Rb, then bRa fora, b N, ,
Iso, R is transifive since !, if 2Rb and bRe, then aRe. : e

misi:; Ris a;aqg:?ag;’ ::1;36,«; in N which will partition the set N into the pairwise

disjoint subsets,

The equivalent classes are 25 mentioned below:

As=15,10,15,20 .}

A;=1{1,6,11,16,21 3

Ar=12,7,12,17,22,..})

A3=1{3,8,13,18,23,..}

A;=14,9,14,19,24, .} .

It is evidem that the zbove ﬁvesasarepalrwisedisjm:nand

&gUA;UAz UA; UA,' = UA[= N
=0

*) Show thet the function £: R— R defined as f(x) = % + x + 1 is neither one —
One nor onto. Also find all the values of x for which f(x) = 3.
Solution:

Given a fnction £: R~ Rdefined as fx) =22 + x4 1
Lax,.z, € Rsuchthat f(2) = f (x;)

= xHin+i=x2+z,+1

2 (g-x)+(x,-x)=0

= -y +x) +(n-x)=0

= & -njx+x,+1)=0

= -x)=00r(x; 52, +1)=0

ST nEnorg=—x+1)

=  {is oot one-one.

Onio:

Lety=fx)

Y=x?4+x+1

¥4+x+1-y=0

Forx€ R, discriminant D > 0

P—4xix(l-y)20

iS+4y>0

boosa 00

{
o
v
i




=>x2+x+1=3
= x24+x—2=0
= x24+2x—x—2=0
= x(x+2) - (x+ 2)=0
=>x+2)(x-1)=0
= x=1-2

CASE BASED QUESTIONS '
1) Students of a school are taken to a railway museum to learn about ral
history.

Iways heritage and its

An exhibit in the museum depicted many rail lines on the track near the railway station.
Let L be the set of all rail lines on the railway track and R be the relationon L defined by
R ={(ly,lp): Lis parallel to I,}. :
On the basis of the above information answer the following questions:
§)) Find whether the relation R is symmetric or not.
(i)  Find whether the relation R is transitive or not. : )
(iii)  (a) If one of the rail lines on the railway track is represented by the equation
y=3x+2, then find the set of rail lines inRrelated toit. OR ‘
(b)Let S be the relation defined by S = {(l1, [2): Liis perpendicular to l,}.
Check whether the relation S is symmetric and transitive.
Solution:
(Let(l, ) €R= LIl L=LIL =) ER=Risa symmetric relation.
(i) Let (I, I3) € R = L]l L and Let (I, 15) ER = L]l I3
Since 11" lz and 12 " l3, ll" l3 = (lll l3) €ER
Hence R is a transitive relation.
(iii)(@) The setis {l : lisalineof typey =3x +c,c € R}
(W) Let(yl,)eS=>lL L =L 1L = L)ES
= S is symmetric.
Let (ll' lz) €ES =>11 L lz and -
Let (lz, 13) €S =>lz L 13
ll L 12 and lz 1 13 = 11“ l3
=(l,,13) is not an element of S.
S is not a transitive relation.
2) A class room teacher is keen to assess the learning of her students the concept of “relations”
taught to them. She writes the following five relations each defined on the set A={1,2,3}.
R1 = ((2:3)' (3'2)}
R, = {(1,2),(1.3), 3,2)}
R3 = {(1,2), (2,1), (1'1)} )
R, ={(1,1),(1,2),(3,3), (2r2)}
Rs ={(1,1),(1.2), 3,3),(2,2),(2,1),(2,3),(3,2)}
The students are asked to answer the following questions about the above relations:
@ Identify the relation which is reflexive, transitive but not symmetric.




—

(ii) Identify the MnMMiQMMWWM@mm -

i) Identify the relatione which are symmetric but neither reflexive nor  fransitive.
OR

(iv) “MMQMM&MMMMPMMﬁ,hﬂm&ekmmﬁnmmm-?

Solution:

VR Givke iy p, (vHILD) (22, (33, (2.1).(3.1). (23}

1) lMAhihtMnfﬁﬂwm of elxee XTT o0 % velased Lot £ A NN i the st of nanye

numbers such tha fhe Tunction fix) = Refl Nausber of wadent v O thee Basis of the diven
informmion, anewes the following

() 1e 1o bijective functiom 7
(i) Give ressone 10 SUpIPON your scwer fs (1)

() Let B be 9 redtiom defined by the teacher 1o plan the seating arrangement of
students in prirs, whess
R =1{(x.5): 5.y are roll srumbers of stwdents sueh that y =
33} List the elements of P 1s the relation R reflexive, symmetric snd
transitive? Justify your umcwes.

Kolution .

@ No

) Nomdiﬂmnwamdﬂxdnsmhwmmanmw Therefore, f
must be one-one.
ch:nunmmﬁmm'londgmﬁqmminmhenofm“
l‘ml\oSOT‘hunmplmMSImNnnmmﬁ

. ).(6.18), (7.21). (8.2 4).(9.27). (1030},
(11,33), (12.36).(13.39).(l4.42).(l5.43).(!6.4l)) §
R is not reflexive since (LILQR2)...er

R is not symmetric :
Eumple:(u)tkbu().l)(il

R is not transitive,
Example: (1,3)€R,(3,9)¢R bt (1.9) €R

Since R kwnﬂeﬂmqmm&ndmmglhmmmvﬁm
relation.

B e



CHAPTER-2: INVERSE TRIGONOMETRIC FUNCTIONS

Gist/Summary of the lesson:

In mathematics, the trigonometric functions are also called as circular functions, angle functions.

Inverse trigonometric functions are the inverse functions of the basic trigonometric functions which
are sine, cosine, tangent, cotangent, secant, and cosecant functions.

Definition: Inverse trigonometric functions are the inverse functions of the basic trigonometric
functions which are sine, cosine, tangent, cotangent, secant, and cosecant functions

Principal Value Branches:

FUNCTION | DOMAIN “ANGE[(;:;L“CC}:;"“' Value
nn
sin"1x [-1,1) — 53]
cos1x [-1,1] [0, ]
tan'lx R (-%v—’zz)
cosec™ 1 x R-(-1,1) —;—g—l - {0}
sec™1x R-(-1,1 [0,n] - {g—]
cot™! x R (0,7)
Formulac:
* sin"!(-x) = -sin"lx,x € [-1,1]
e tan"!(—x)=-tan"'x,x € R
* cosec™'(—x),= —cosec™'(x), x € R — (-1,1)
 cos”!(-x)=m —cos”'x,x € [-1,1]
*» sec”!(—x) = m —sec”lx,x € R — (-1,1)
e cot™}(-=x) = m —cot”'x,x € R
e sin"'x +cos”'x = n/2,x € [-1,1]
e tan"'x+cot™'x = n/2,x € R

e sec”'x + cosec™x = n/2,x € R — [~1,1]
Additional Formulae

e sin"'x + sin"'y = sin"!(xy/1 —yZ + yv1—x2)
e sin"lx— sin"ly = sin~}(x1-y2 - yvV1-2x3)
e cos”lx + cos”ly = cos}(xy — 1 - y2V1-x2)
e cos™lx— cos”ly = cos™!(xy +1-y2V1—x3)
e tan”'x +tan"'y = tan™? (ﬁ%),ifxy <1
e tan"'x—tan"l'y = tan™! (%) Jifxy > =1
o 2sin!x =sin"}(2xV1—x?)
e 2cos™'x =cos™!(2x? - 1)
-1 - -1 2x

e 2tan™"x =tan (1-;2)

3sin™*x =sin™*(3x - 4x3)

3cos™'x =cos~!(4x® — 3x)

3
e 3tanT'x =tan” (T5=




MULTIPLE CHOICE QUESTIONS
=1\,
1.The principal value of cos '(—-i—)

-
(0 2% 0 2 )= %
- a ,"
Solution: We have cos”t (=x) = 7~ cos”! (x)

-l"’, -||-n""’3~£
(‘05-5—‘117—(’052 1 1

Ans: (a)
v 311
2. The principal value of  sh ™| sin 3

In 2n =2z {dy £
() == M == (€) = 5
. In N 2x
Solution: We have s~ S'ﬂ(}‘x) = sin _m[x-‘—-) - 'sn(—-s-) By
5 5 3
Ans. (b)
3.The value of: tan=1 3 - sec1(~2) is
(a) 2 (b) : (c) 3
Solution: We have sec! (*x) = n - sec(x).
tan"\/g-scc“ -2 Sl Eym =K
2. 3-=P= 5
Ans: (¢)
-1 -1\,
4. The value of sin [-'-;--sfn ‘(-z-)] is
(a) 0 ) 1 (©)-1 (d)2
Solution:  We have sin*! (+X) = - sin"!(x)
el B af =1 wsin| 2o =%l o X))
| & Slﬂ[s sm (?)] Sl’l[; (T)] Sn(z)—-l
Ans: (b)
5. The principal value of cos“(cos(-'sﬂ)) is
s X ’ -x -7z
k) — b) — — e
(a) = (b) 3 (c) X (d) -

Solution: We have cos(=x) = cosx

-7
. cos™ cos(—:’—x-) = cos™ coi(%x) = cos™ cos(2x+§) = Oos"ma(-;-) - ; Ans: (b)

6.The value of tan™! V3 - cot=1( - V3)is

.4 — buil x
(a) 2 by 2 () 3 d 6
Solution: col"(—Ji)':x-—cot"(\G) - ....16'.. X
6
an Vi-cot(-3)_x_Sx =
J 6 2
Ans: (b)

7. The value of x if tan™* V3 +cot™dx = %

o e e —

B acan e i




(a) /3 (b) =3 () == () —’65

Solution: 2 2 3 6
Ans: (a)
8. The valucof x if sec™'2+4cosec™'x =§

(a) V3 (b)y 2 (© = (d) =2
Solution:
cosec”'x =12r——scc" g @ %-—-—:— =% X = cosec% =D
Ans: (b)
9.1 sin~! x = y then the principal value of y is:

) — L2 . Z d) 0<y<rx
(Qy0<ysnx (b) 2Sy52 (c) R s (d) y
Ans: (b)

10. If tan™ x = y then the principal value of y is:
0 ) b R el c -~ < <-7£- d) O<y<nm
(@ 0sysn ()25,\52 ()2 pes (d o<y
Ans: (c)

ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.
(a) Both A and R are true and R is the correct explanation of A.

(b) Both A and R are true but R is not the correct explanation of A.
(c) A is true but R is false.

(d) A is false but R is true. i
1. ASSERTION (A): Principal value of cos™* cos (3) is &%
REASON (R): Range of principal branch of cos™! x is [ 0, n] and cos™cosx = x
ifxe [0, ]
Ans: (a)

2. ASSERTION (A): Principal value of sin~! sin 1—?-) is %
REASON (R):  sin™ (-x) =-sin’'(x)
Ans:(b)

3. ASSERTION (A): Principal value of sin'(~1) = ‘T”
REASON (R):  sin™ (-x) = - sin!(x)
Ans: (a)

4. ASSERTION (A): Principal value of sin™*sin () =

REASON (R): sn”'sin(x)=x,xe [:55 E]

Ans: (d)
5. ASSERTION (A): The principal value of cos™ (cos(F))is 2= °
REASON (R): Cosine function is an even function, therefore cos(—x) = cosx.



Ans: (q) B 3
«tif & e 3 -1
6. ASSERTION (A): The principal value of cos ‘(?)_ * e (2]
REASON (R):  Range of cos™x is (0, ]
Ans: (b)
‘ SO N s
7. ASSERTION (A} The principal value of tan™ sin (“‘:") BEY
REASON R):  tan! ()= -tan(x)
Ans: (d)
- oy x -E b
8. ASSERTION (A): The principal value of tan™ “‘“[T) =~
REASC’N . L I oL -1 )“‘(ir?\'( :-E :‘E‘
(R): Range of tan! x is T3 07 ) tan” (tanx) = 23
Ans: (a)
9. ASSERTION(A): One branch of cos™'x other than the principal value branch is [z.22]
REASON (R): cos (F) =1
Ans: (c)

10, ASSERTION (A): A branch of sin"'x other than principal branch is [

REASON (R): sin [37") =sn (1;-) =1
Ans: (c)

A

3z
Y

—

VERY SHORT

ANSWER TYPE QUEST IONS
1. Find the value of

sin™!(sin (2?“)) + cos™1( cos zn)).

' \ Sl Y
Solution: We have sip (sin (?x)

“

) =sin"(sin (rc—§ )= sh“(sin['

Value of cos™( cos (13’5) =X

i

sin~Y(sin (33'5)) + cos™Y( cos (3;-:-)) = §+ %’5 =r
2. Find the value of : tan=t [2 cos(sin™! G))]

Solution: tan™t 2 cos(sin (3))]tan-t 2cos(D)-tan-1 [2xFJ-tan=s Vi<
3. Find the value of : tan~1 [2 sin(2 cos—! (%)]

) i
Solution: tan™ [2 sin( 2 cos"(l?-))}n tan '} 2sin( 2_%)] = tan~ [gxf’_‘l]

> =tn~Vi=
4. If cot™? (—;-) then find the value of sin x

= T
3

v |

-

8
1 o
Solution: cotx = = . snx=

—

5 anx \/EE

5. Find the value of sin~! (-:}) + 2 cos™! ( ::‘E)




6. Show that for |x| <1, sin (tan™ x)=-

1+x2
Solution: Let tan—lx = y, tany =X
LHS= shy=——=— =RHS
Ji+x
7. Prove that: tan(lsin - z)=4__._\/z
2 1) 3
Solution: Let sin "%:x . sinx =% 25 cosx=—I-
7
- % ’1-cosx _ A a7 _
LHS tanz— et 14_?-———3 = RHS
. 41 =
8. Find the value of tan(?.tan ‘E—Z)
S_olution: Let tan™ .;- =x . tanx =%
11 T o —E ok tan2x—tan% _.__7_
tan (2tan™3=3) =tan(20-3) = e =

1

2tanx _ zi:'z

1-tan?x (1 12
1~(3)

where, tan2x =

Solution: sin™?! (_?1-) = —sin~! (%) = —%
e (3) =t engod et
. sin™? (“—;) + cos™! (-Tl)+ tan~*(1) = Iéi + 33’.’. + % = .31’.5

) . a3
10. Find the value of sm(Zsm i g)

Solution: Let sin "'(%) =0 . sn@ =% . sin [2 sin ! %) = sin 20 = 2sin f cos @

SHORT ANSWER TYPE QUESTIONS
1 Write the principal value of cos™ [cos (680)°] '



oF ot °1.
Solution: We know that, principal value branch' of cos” x is [0: :)(8;)0]40«5
Since, 6%0° € [0, 180°), co write 680”28 2 » 3 e
Now, cos” [cos(680)°) = cos”’ [cor(2 ~ 360 ~
= cot! (cot 407) [ cos(dx ~ B) = cos O]
Since, 40° € [0. 180°] ._'_
4 008 [cou 680°)] = 407 [ cot” (con 0) = 8,V 0 € [0, ] R07]]

; -y 43 ~1 {23
2. Write the principal value of the following. cos™’ 54 oos )

)
190 4 eont (2) m cont D 4 1 = cos™? (2)
Solution: cos ‘3;- 4 ot ‘(-;) = (0% ’-; 4 1t~ ¢os 3

a n - ” 7 o X
= (0% ’(ms-;)+ n - (Cos ‘(cos;)=;+ﬂ e

3 Find the value of cos™! ('—'—"-—'-) + mxea"(-:-}%)

“J; s i ’; 1 l"ﬁ . 4
. - A wy 1442 i ~¢ - -1
Solution: cos ’G—:%)#-cmec ’(’-:'ﬁ) = (0% '(-'-;-ﬁ)+ sin ( v

4. Write the value of tan (2 tan~! i)

Solution: Let tan™? %f- 0=stan0 = -:-

-1 2tan B e .
mn(zun l;) = t:m(ZG)z 1-tan? 8 = |-l-'-Y = 12
s

5. 3eos™x = cox'(4x® - 3x), x € [-;-.!)
Solution: Consider, RHS = cos”! (4x* - 3x)
Letx = cos 0 =5 0= cos! x

RHS = cos™ (4 cos’ 0 - 3 cos 0)
= cos”' (c0s 30) [ cos 3A = 4 cos’ A -3 cos A] = 3 cos”! x = LHS
6. 3sin™'x = sin(3x - 4x’), x € [—%%]
Solution: Consider, RHS = sin” (3x -4x’) ...... (i)
Let x = sin 0, then 0 = sin” x
from Eq. (i), we get RHS = sin™! (3 sin0 - 4 5in’0) = sin"! (sin 38)
[ sin 3A = 3sin A - 4sin® A] = 30 = 3 sin” x [~ 0 = sin”" x] = LHS

7. Write in simplest form: tan™! (cou-mu)
cosr+sinx

- Os X=§i -1 f1-tan -'
Solution; tan™? (ﬁ) = tan™! (Wé) = tan~}(tan (E - x))- -:- -x
8. Find the value of sec(tan™!(-v3))=
Solution: sec(tan™(=v3))= sec(—tan™} (V3))= sec(tan= (v3))
= sec(tan™? (tan -E)) = sec% =

9. If cos™? i- = 0, then write tanf in terms of x

Solution: cos 8 = i-a secl =x=1and = Vsec’0 —1=VxI -]

-1 1-x =1 -xx
10, Prove that tan (“x’ 3 cos

@ e =) "-.—x' - = -1
Solution: tan ’(—;;—-' =tan™" [— Letx =cosf =>8 = cos™x




=tan=17 |1=c0s08 ST [ e 8_1
=tan™1( Treosp) = tan™| ’ﬁ]—tan 1(tan )—;=;cos‘1x
2

LONG ANSWER TYPE QUESTIONS

l. Prove that sin® (-) sin” (—) cos t('—)

Solution: Let sin (-) A nnd sin” (-—) B
Thus, we can write sinA == nnd sinB = -1—7

Now, find the value ofcmA and cosB

COSA = \/[l - sin¢ 4 ’1— ’ —E_J:__

Thus, the value of cosA ==

cosB = /[1 —sin?B] = / —— -22———5
17 \’ 289 \’za

Thus, the value of cosB =

€0s (A- B) = cosA cosn + sinA sinB
substitute the valms

cos (A-B) = (—) X (—) § (—) X (—)

60424
cos (A-B) = ‘TQ‘E.
cos (A-B) = 8—5

(A-B) =cos" (—-)
Substituting the values of A and B sin” (—) sin” (—) cos’ (EE)
2. i) Find the value of cos“ (—) + 2 sin (—)
ii) If tan"'x + tan™! y == ; xy < 1, then write the value of x +y + Xy
Solution: i). The value of cos (-) is —.
The value of sin™! (—) 1s -

" Cos” (—) + 2sin™ (—) -+ '7(_) =X + T; 2;

ii) 1—_-;-;=tan4-l=>x+y 1- xy=>x+y+xy=1

3. Write the principal value of tan™ (1) +cos™* (:i)
Solution: tan™ (1) + cos™? ( > ) + 1 — cos™ (:)

._+ —1(0 ___+ _Eﬂ
=+ m—cos™ (cosT)=< e

4. Write the value of tan™! (2 sin (2 cos™! —ﬁ))
Solution: tan™! (2 sin (2 cos™ ‘,-)) =tan™! (2 sin (2 cos™? (cos%)))

= tan” (2 sin (2 X 'E)) =tan~! (2 sin (1;.)) —tai=t (2 " ?)

=tan~!(V3)=tan™? (tang) = ’-;- -

5. Iftan"a+tan™'b+tan"'c= mprovethata+b+c=abc

Solution: tan~'a = A,tan"*b =B,tan"*¢c =C
= a=tanA b=tanB c= tanC
S A+R+C=mr=>A+B=m-C




= tan{A + B) = tan(n = C)==tanC

L L =>tanA 4 tanB =tanAtanBtanC—tanC
I=tariAtanp

“ tanA+tanB +tanC = tanAtanBtanC=>a * b + ¢ =abc.
6.1Man™ x 4+ tan"'y 4 tan“1 7 = g.then showthatxy + yz + 2x = |

& S - = tan C
Solution: tan~? x = A, tan"'y =B tan" 'z =C=>x=tanAy=tanB,z~ ta

: PR
" ABICEZ = tan(A 4 B) = tan (5~ €) = cot€ = -

kL UL T, tanAtanC 4 tanBtanC~ | = tanAtan BtanC
189 Atan B tanr

L

"> tanAtanC 4+ tanBtanC4tanAtanC = 1

Pissatcas . succam
" = *

7. Prove that cot "("”"‘“‘1 *"”) =
13siny—y/1wsing 2

Qolmlon' mt“‘ (ﬂulﬂﬂ 1-emr)
™, i e —————————

Vissing—vi-einx

T t Y . X
J:m'ia coete coeleind 4 ‘{m!;- cot?omd covsing
- (.Dtu.j o 2 4 2 ?

£ 2

2 ok T T‘ 4 x
sin?-scoe22a) coeleint o fsin’fo tot¥—a ¥ cos-gins
? z CRE R ? 2 PR

i 7
—— Jimp;-nln-:-) 4‘,(@:-'—:!!7;)

J(to;%onn;)t- J(cus;-stn-;-')'

1 4 L x x r
_ i conrrln;*cmi-;ln; g 1cos~ -1 ( z) x
=3 CO —y | = ——* = - -
t (con’,—r# :ln{ - cm: ‘ﬂn; R 2 si&; n o a 2

- 1sx 1=x n 1 -1
i 1(Yisx—y ——ecos~ly -1
8. Prove that tan ("_—"—"sfﬁ'hﬁ‘-?) - 2608 X, =<x<g1

Solution: Let x = ¢cos9 = 0 =cos™1yx

tan=1 Jnxﬂ = tan=! (Y301 0~Vi=co03 9
Jz+r:-\h-x

14cost¢vl=cos

- (25

cosvaing

CASE BASED QUESTIONS
I) The Govemnment of India is planning 1o fix a hoarding board at the face of a building on the
road of 8 busy market for awareness on COVID-19 protocol. Ram, Robert and Rahim are
the three engineers who are working on this project. *A” is considered to be 3 person
viewing the hoarding board 20 metres away from the bui ing, standing at the edgeofa
pathway nearby, Ram Robert and Rahim suggested to the film 1o place the hoarding board
al three different locations namely C, D and E. *C” is a1 the height of 10 metres from the

ground level. For the viewer *A’, the angle of elevation of "D” is double the anule of

ey




elevation of ‘C’. The angle of elevation of ‘E’ is triple the angle of elevation of ‘C’ for the

same viewer.
Look at the figure given and based on the above information answer the following:
E
D
C
10 m
A, A = 20m B
(i) Measure of ZCAB =
Ans. tan“(-;-)
(ii) Measure of £DAB =
Ans. tan"(%)
(iii) Measure of ZEAB

Ans. tan"(:—})
2). The following table gives inverse trigonometric functions along with domain and range

FUNCTION | DOMAIN RANGE (Principal Value
Branch)
in-1 - B
sin™x [-1,1] [ )
cos™1x [-1,1] [0, ]
-1 | e
tan™* x R ( 5 2)
-1 s s L
cosec™} x R—-(-1,1) 2.2] {0}
sec™lx R—=(-1,1) [0,7] - {1—;-} _
cot™1x R 0,7)
i. Value of tan*(1) + cos™? ('71) is Ans: -1117"
ii. Value of tan™? (%) + cot’I%is ‘Ans.%
iii. Principal value of sin™? (sin 332) Ans, -3'3

OR
iv. Principal value of sec™(—2) Ans. 2—3-"




